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Recall: mat r i x-Vec to r m u l t i p l i c a t i o n

Given a v e c t o r T E IR" a s a co lumn,

you c a n m u l t i p l y i t by a n m i n

m a t r i x A t o g e t a v e c t o r i n 112?

A takes ve c to r s i n
112" to ve c t o r s i n

112M, and A distributesouertion

a n d s c a t i a t i o n .

Generalize t o a rb i t ra r s vecto r spaces!



Linear Transformat ions

( o r l i n e a r Maps, L i n e a r
operators)

s t a r t w i t h V , W v e c t o r s p a c e s .

A lineartransforonation T i s a

function from V to W (written

" T : ✓ → w") suc h t h a t

Y a y e V a n d C E I R ,

-(xty)=TCx)tTlyµTCC.xj-c.TL#

T h e point. T distr ibutes o v e r a d d i t i o n

a n d s c a l a r mult ip l icat ion



Exampi (matr ices) Recall t h a t ,

s i n c e a l l m a t r i c e s distribute

o v e r a d d i t i o n a n d s c a l a r

multiplication i n 112", e ve r y

m a n m a t r i x gives a linear
m

transformation T a : 112^-7112

def ined by

-acx#µ
f o r XEIR" a n d A a n

m a i n m a t r i x .



T h e Converse: Every l i n e a r t rans fo rma t i on

T : 112^-7112" c a n be

represented a s a
m a t r i x

AT ! T h i n k o f
112? 1pm

a s c o l u m n v e c t o r s .

L e t {eyes , . . , en} b e

t h e standard b a s i s vec to rs

o f 112".

1st c o l u m n o f A , = T l e , ) C- IRM

2nd column o f AT = T (ez) E
112M

:
nth co l umn o f Ay = TCen) E

112M



S h o w 1 - ( x ) = AT ( x ) fo r a l l XEIR?

Let x=[II:]
1¥.tl?It..f:.I=xif!
8Jtxaf?)t--
txnfq)
= X , e , t X , e , t

- - - t h e n

= Exiei
i t



T C H E T (Exie)
[= L

=T(X,e , t x , e a t . - i t xnen)

= T h x , e, ) tTCxaes) t - - t Tanen)

a l i n e a rI:{III.of
= * r e n t x . t e n t . - * Men)

= x , -(1stcolumn o f AT )

+ X s (2nd column o f AT)
t

i,
t X n (nth column o f Ay)

Bu t t h e ith column o f AT c a n b e

recovered a s Aylei l for l E i E n !



S o T ( x ) = x , - (1stcolumn o f AT )

+ X s (2nd column o f AT)
t

i,
t X n (nth column o f Ay)

= X , A> ( e l )

t X , ATL@2)

:

t X n Arlen)

a l l ma t r i c e s {=
A t Cxies) t A t lanes)

a r e l i n e a r t . - t A T (xnen)
transformations

= A t (Xie,th rea t . - then )

= A t - x -



M o r a l : L i n e a r transformat ions f rom 112"

t o 112M a r e t he s a m e a s m y

m a t r i c e s .



Example 2 : ( Z e r o a n d ident i ty maps)
-

Let V a n d W be a n y vector space s .

T h e n t h e r e a lways e x i s t s o n e l i n e a r

transformation f r o m V t o W :

t h e z e r o map!

T ( x ) = Ow Y x E V .

Let's c h e c k t h i s i s l i n e a r : l e t y e r ,

C E I R . T h e n

T ( x ) t T l y ) = O w t o w

= O w

= TCx t y ) ✓



T l c . x ) = O w

= C. T h x ) ✓

s i n c e T e x ) = 0 w !

T i s a linear transformation, then.

From V t o V , w e a l s o h a v e

t h e ident i ty t r a n s fo rma t i o n I ,

I C x ) = x t X E V .

Chech t h i s i s l i nea r : L e t y e r , C E I R .

I C x t y ) = X t y = I l a t I l y ) ✓

I c c . x ) = C X = C - I C H ✓



I i s a l i n e a r transformation f rom

V t o V .

Zero transformat ion = analog o f t h e z e r o m a t r i x

i d en t i t y transformation = 11 1 1 11 identity mat r i x



Shorter w a y t o c h e c k t h a t a function

i s a L i n e a r Tr a n s f o r m a t i o n !

I f ✓ and W a r e vec to r spaces

a n d T : V - 7 W , t h e n T i s

a l inear transformation precisely

w h e n

T(cxty)=ctTyµ
t f x , y E V , C E I R



F I E : ( l im i t s o n sequence space)

Let ✓ =L , the v e c t o r

space o f a l l sequences o f

r e a l n u m b e r s . L e t WES

s h o w W be t h e subspace o f a l l

i s a subspace
sequences (an)nI, E f such

t h a t 1 i n a n e x i s t s .

n a s

Define T : W → 112,

Tllanln%)=hi%an#

Let's s h o w T i s a l inear

t ransformat ion-



From ca l c u l u s , i f (an)nI, and (bn)I,

a r e s equence s a n d hits a n = L ,

1 i n b n = M a n d CE IR ,
h a s

1 i n (anthon) = L t M
h a s

1 i n ( c an ) = c . L

n o n

suppose t h a t Cantre, (bn)n[EW

w i t h limits L , M E I R , respectively.

Let C E I R .



T h e n

T l c (anti , t Cbn)i,)

= T ((can)n?, t (bn)n?,)

= T ((cantbn)nI,) ←
= 1 i n (can t bn)

h a s

= C . L t M (calculus rules)

= c . l i m a n thingsb n
h a s

= C -Tu a n l e n t T(Cbn)nI) V

s o T i s a l inear transformation!



Example-4: ( a n o n - l i n e a r t r a n s fo rma t i o n )

Define f : 1123-7112,

f- ([¥]) ={xtstz,
y t o

X , y
= 0 .

S how f i s n o t l i n e a r.

S o l u t i o n : What w e n e e d : e i t h e r t w o

expl ic i t vectors [¥!) and

[¥2,] s u c h t h a t f does

n o t distribute o v e r t h e i r

s u n O R



a n expl ic i t vector [¥] and

a s c a l a r C E I R w i t h

f (c-[¥]) t c f
(CET)

T r y t o c om e u p w i t h examples t ha t

break distr ibutivity o v e r s u m s :

1¥.tl:3
1¥.fi:1



I'¥.tl'D
1¥.fi:1

T h e s u m o f these vectors i s

[i:3.
f ([§)) = I t 1 1 -3=5

f- ( ( I ] ) = 2-1+16=17

f ([!])tf([IT]) = 22



B u t

f ( ( 1 ) tf,}))
= f ( [%]) = 3 f- 2 2

s o f i s n o t linear!

No te : f doe s distribute o v e r

s c a l a r multiplication!



Examplell : ( i n teg ra l s ) Le t ✓ denote

the ve c t o r space o f a l l

functions def ined o n [ o , I ]

w i t h r e a l v a l u e outputs:

✓ = a l l functions f : [ o i l ] → I R .

T h e add i t i o n a n d s c a l a r multiplication

i s t h e s a m e a s 5- ( I R ) .

L e t W E V be the subspace

consisting o f a l l continuous

f : [ o i l ] → I R .



Recall t h i s m e a n s

1 i n f ( x ) = f ( a ) t a E l o , 1 ) ,
x → a

l i o n f l a t f ( l ) , and

x → I -

tiff, f l a t H o ) .

Definel.lv?lRby-
T(f#fxdx.

s i n c e f i s cont inuous , w e k n o w the integral

e x i s t s ( c a l c I ) .



S h o w T i s a l i n e a r transformation.

Le t f , G E W a n d C E I R . T h e n

I

T ( o f t g ) = Sfc-ftg)( x ) DX
O

1

(how w e a d d functions = {(Gif)( x ) tgCx))DX
i n V )

I

mu l t i p l y i n v )
= §@' fc k ) t g (x))d x(how w e s c a l a r

\ 1

(integrals distribute = §c . f i x ) d x t Sgandx
o v e r addit ion) o

\ t

(integrals pull o u t = C {fladx t §gCx)dx
Constants)

= C - T c f ) t T l g ) ✓



T h i s s h o w s T i s a l i n e a r transformation.

Observe t h a t w e ne ed w t o b e a

r e c t o r s p a c e : S u n s a n d s c a l a r

m u l t i p l e s o f c o n t i n u o u s funct ions

a r e c o n t i n u o u s . T h e usua l n o t a t i o n

fo r W i s ( ( ( 0 ,1 ] ) .



Rema r k : (derivatives) L e t V = F U R )

a n d l e t W b e the subspace

o f 71112) consisting o f a l l

differentiable functions:

F E W i f

1 i n ftp.Y) e x i s t s

x - s a

f A E I R . W e c a l l th is n u m b e r

f ' ( a ) .

I f f , g E W , C E I R

from
c a l c I {(ftg )

'

( a ) = f'Castg'( a )

( C - f )
'

( a ) = c . f ' ( a ) .



T h i s s h o w s W i s a subspace o f FUR) .

Let's t r y t o de f i n e a l i near transformation

T o n W by

T ( f ) = f ' f f E W .

T : w → ?

T h e ma p T do e s no t send

differentiable functions t o differentiable
×

functions: l e t f l y ) = S t t l d t .
0

B y t h e fundamental T h e o r em o f calculus,

f
' ( x ) = / X l , not differentiable

a t 4 = 0 !



There a r e examples o f functions

g : 112-7112 s u c h t h a t

1 ) g i s con t i nuous t r a c k

2 ) g i s N O T differentiable for a n y a t 112.

×

so setting f ( x ) = S g l t l d t ,

O

f
'

( x ) = g ( x ) ,
n o t differentiable

anywhere!

What should I n a p to?



Exan-ple5: (point e v a l u a t i o n o n FUR) )

F i x CEIR a n d def ine

Te ' . F U R ) → 112 by

Tc(f)=f¥
So fo r e x a m p l e :

I ( f ) = f ( 2 )

T o ( f ) = f l o )

Tp , ( f t =
HTT) e t c .



Let's s h o w T c i s a l inear transformation:

take f , g E I C I R ) a n d D E I R .

T h e n f o r a l l C E I R ,

T c (dftg)-(dfts) ( c )

(addition i n 711121) = @f )C c ) t g cc )

= d . f c c ) + gcc)
(scalar multiplication

i n 7 1 4 2 ) )

= d .Tdf)tIlg5
S o T i s a l inear t r a n s f o rm a t i o n .



Ob s e r v a t i o n : ( Z e r o g o e s t o z e ro )

Le t V a n d W b e v e c t o r spaces

a n d l e t T : V → w be a l inear

t ransformat ion.
T h e n

T (0v )=0=

why? T (O r ) =TC0 v t 0 v )

T (Ou ) = T (Or)tTC0v)
( T distributes o v e r suns)

Every X E V has a n additive inverse.

L e t - N o v ) denote t h e additive

i n v e r s e o f 1 - C o v ) .



Star t ing w i t h

1 - ( U v ) = T ( O r ) t h o u ) ,

a d d - T ( O u ) t o both s i d e s .

t o u r ) = T l o v s t Tw t r ) )
Ow Ow

O w = T ( O r ) t 0 w = T Cov) ✓

T h i s fact i s y o u r s t o u s e f o r t h e res t

o f c l a s s .



T w o Subspaces Associated

t o a Linear Tr a n s f o r m a t i o n

Let V a n d W b e r e c t o r spaces and

l e t T : ✓ → w b e a l inear transformation.

T h e r e a r e t w o collections o f v e c t o r s

associated t o T : t h e hernet o f T ,

denoted h e r (T ) , a n d the I nge o f T,

denoted b y Ran ( T ) , w h e r e

kerCT)={LET 1 Tix)-Ow}µ,,,=qyµ1z×e
v,yµ÷



Here, t h e n o t a t i o n

{ P / Q ) m e a n s

1

S u c h t h a t
"
the collection o f a l l P s u c h t h a t

Q "



T h e n k e r C T ) i s a subspace o f V _

a n d Ran ( T ) i s a subspace 0 ¥

why? w e ' l l o n l y s h o w h e r C T ) i s a

subspace . W e n e e d t o s h o w

1 ) O r E kerCT)

2 ) I f x i t E k e r CT ) a n d ( E R ,

then E x t E E Ker ( T ) .

1 ) S ince T i s a l i n e a r transformation,

w e showed 1 - ( Ow ) = O w . T h i s

gives u s t h a t Orr E l l e r ( T ) .



2 ) Let × , - 2 E b e r t ) a n d C E I R .

T h e n x a n y y sat isfy t h e defining

property o f h e r ( T ) :

T x ) - O w

T E E ) = O w

T h e n

T ( c . x t z ) = c . T h a t ' l l E ) ( T i s

l i nea r )

= C- O w t o w

= O w t o w

= O w ✓

S o c . x t z E ke r L T ) a n d h e r CT )

i s a subspace o f V !



Subspaces Assoc i a ted

tomatricesy

Le t A be a n m i n m a t r i x .

W e h a v e t w o subspaces associated

t o A t h a t don't s h o w u p f o r

general l i n e a r transformations: t h e

columnspacey o f A , denoted colCA),

a n d t h e rowspacey o f A , denoted

r o w ( A l ,
w h e r e

[ o f ( A ) = a l l
l i n ea r combinations o f t h e columns o f Arowggy.ua/i,,,,row



I n fact, s i n c e

A. e ; = i t " c o l u m n o f A

K I E i E n ,

C o l ( A ) = R a n ( A ) .

w e h a v e r o w ( A ) = R a n ( A t ) .

finally
,

h e r ( A ) i s sometimes called

t h e nullspuce o f A ,
a n d denoted

n u l l ( A ) . T h e book sometimes c a l l s

Ran ( A t t h e image o f A
,
denoted

i n C A ) .




